Abstract: To promote grade-control, bank stability, and fish habitat enhancement, three-dimensional structures installed within river channels are becoming increasingly popular choices for rehabilitation. A-, U-, and W-shaped rock weirs are commonly used in streams, yet threedimensional scour holes develop downstream of the weir crest and often undermine the weir foundation. Current approaches for the prediction of scour depth and geometry are generally extrapolated from the case of two-dimensional flow. Furthermore, data from the literature regarding structures inciting significant lateral flow components are sparse. A series of laboratory experiments were conducted in which data from A-, U-, and W-shaped weirs were collected and evaluated using scour-prediction methodologies, focusing on their applicability to predict maximum scour depths. New dimensionless expressions were developed for the prediction of scour depth downstream of A-, U-, and W-shaped weirs on the basis of laboratory data that incorporate specific parameters accounting for weir geometry. The dimensionless expressions were compared with the most accurate relationship found within the literature, as applied to the compiled database, and mean error was reduced from 37.12 to 10.45%.
Introduction
In-stream hydraulic structures can provide energy dissipation, increased aquatic habitat, fish passage, grade-control, and bank and bed stabilization through the diversion of conveyance with the river-channel center. Grade-control structures are typically rectangular, abrupt, and perpendicular to the direction of flow. However, three-dimensional (3D) weirs, which extend along a significant length of the channel, are gaining in popularity. The Pacific Northwest region of the U.S. Bureau of Reclamation has implemented such structures in attempt to promote fish habitat and passage, and the Middle Rio Grande River Maintenance Project has used the weirs for bank-stabilization design (Reclamation 2007) . Common types of 3D grade-control structures employed are the A-, U-, and W-shaped weirs, which are named for their structural resemblance to letters of the alphabet. Weir installations typically occur with few engineering guidelines and anecdotal experience, and as a result, downstream scour pools often develop that undermine the structure foundation. Hoffmans and Pilarczyk (1995) describe the clear-water scour process with an initial phase, developmental phase, stabilization phase, and equilibrium phase. The initial phase is characterized by the most significant sediment transport from the scour zone and the incipient formation of the scour geometry. During the developmental phase, the characteristic scour shape remains relatively constant, and the upper portion of the upstream slope reaches equilibrium, but scour-depth increases dramatically. Stabilization occurs when the change of scour-depth with time decreases and scour-hole dimensions increase more downstream than vertically. Equilibrium phase is obtained when dimensions of the scour-hole no longer appreciably change with time and a hydraulic balance is achieved within the system. Bormann (1988) provides a comprehensive explanation of twodimensional (2D) scour hydraulics and equilibrium balance, incorporating the physics governing scour phenomenon. Fig. 1 depicts a schematic of the 2D scour process in which a plunging jet of initial thickness y o and velocity u o travels along path S through the tailwater. Diffusion occurs because of large velocity gradients, and the jet is redirected at a reduced bed velocity u Ã o . When forces about a sediment particle contact point incited by u Ã o exceed forces caused by the submerged particle weight, incipient motion and sediment transport from the scour hole ensue. Bed-material displacement from the scour hole continues until the path of the impinging jet is sufficiently long to allow diffusion such that u Ã o is less than the minimum value required for transport. Such geometry conditions are typically termed as equilibrium; however, small perturbations occur within scour depths related to turbulence from periodic vortex formation (Hopfinger et al. 2004; Gaudio and Marion 2003) . Mason and Arumugan (1985) stated that for all practical purposes, variations within equilibrium scour depth are relatively small, and the concept of a maximum scour depth can be accepted, especially when considering engineering design.
A 3D jet observed over the crest of rock weirs exhibits constructive and destructive interference as various jet paths merge and incites larger degrees of turbulence than found in 2D flow. The tolerance of variation for equilibrium scour-depth in a 3D flow is thereby increased from a 2D scenario. Additional turbulence generated by labyrinth weirs, structures with repeated cycles of trapezoidal or triangular design features similar to rock weirs, is described by Falvey (2003) .
Literature regarding the prediction of scour downstream of drop structures is extensive, and the physical process has been under investigation since original work conducted by Schoklitsch (1932) . Despite numerous investigations, there does not appear to be a procedure sufficiently robust to describe maximum scour-depth over a wide range of conditions. Furthermore, little information is available in which methodologies have been developed specifically for A and U weir shapes. Bhuiyan et al. (2007) studied a W-shaped weir installed along a model river bend in which they modified results from Bormann and Julien (1991) to coincide with collected data. Bormann and Julien (1991) expanded the relationship of Mason and Arumugam (1985) to incorporate variables within their own research and to summarize equilibrium scour equations from Schoklitsch (1932) to Bormann (1988) , in which exponents of the equation are unique to individual studies, expressed as
in which a, b, c, d, e, f , and i = exponents dependent on each study; d s = effective grain diameter; g = gravitational acceleration; H T = total head drop over structure; K = coefficient dependent on diffusion and bed-material properties; q = unit discharge over structure; u o = jet velocity over structure; y SE = equilibrium scour depth; y t = tailwater depth; z d = drop height; and β 0 = jet-impingement angle at bed impact ( Fig. 1) . A comprehensive review of the exponents specific to each study to which Eq. (1) applies can be found in Bormann and Julien (1991) . Many of the studies that Eq. (1) encompasses, such as Mason and Arumugan (1985) , are limited by their experimental use of uniform grain distributions, as noted by Machado (1987) . The form of Eq. (1) is also limited to applications in which scour depth is greater than the structure drop height. Scour downstream of rectangular structures has been described by dimensional analysis of predictive variables. Gaudio and Marion (2003) , expanding work by Gaudio et al. (2000) , described downstream equilibrium scour for uniform grain-size distributions by performing least-squares linear regression on identified predictive variables as
in which A 1 = morphological jump, defined as the difference between initial and final slope multiplied by the length between structures; d 50 = mean sediment diameter; H S = critical specific energy over structure; and Δ = specific gravity of material. Similar dimensional-analysis methodologies incorporating similar parameters as Eq. (2) include Meftah and Mossa (2006) and Lenzi et al. (2002) . D' Agostino and Ferro (2004) proposed that scour downstream of grade-control structures in alluvial channels can be represented by the following functional relationship: f ðy SE ; z; b; B; y t ; H; Q; ρ S ; ρ; g;
in which b = weir width; B = channel width; d 90 = sediment diameter in which 90% total is smaller by size; H = piezometric drop across structure; Q = discharge; z = fall height; ρ = fluid density; and ρ S = sediment density. Applying incomplete self-similarity theory to the variables in Eq. (3), accompanied by a multiple regression of the logarithms using data from Veronese (1937) , Bormann and Julien (1991), D'Agostino (1994) , Mossa (1998) , and D' Agostino and Ferro (2004) , produced the following: Eqs. (4) and (5) deviate from those previously presented as they account for nonuniform sediment gradations and channel geometry. Structure geometry parameters represented within these expressions are not included in other dimensional-analysis predictive methodologies and the dimensionless b=B term provides consideration for 3D flows owing to channel contractions. However, the equations are limited in applicability to 3D grade-control. Data used for regression analyses were collected from weirs installed normal to the thalweg axis, and lateral flows from channel contractions that b=B may account for are relatively negligible compared with lateral flows observed through A-, U-, and W-shaped weirs. Definitions of necessary parameters for calculation in the preceding equations, such as weir length and fall height, are ambiguous for 3D structures, as these parameters vary with channel length. Furthermore, critical energy at the sill is a complex parameter to determine for 3D grade-control structures because its location cannot be demarcated by a classical one-dimensional channel cross-section. Fig. 2 shows a downstream view of critical flow and associated hydraulic jump through a U-shaped weir installed in a laboratory setting.
Equation development for equilibrium jet scour holes downstream of hydraulic structures grounded in more theoretical means has been addressed by numerous authors. Fahlbusch (1994), Hoffmans and Pilarczyk (1995) , and Hoffmans (1998) introduce predictive methodologies on the basis of 2D force balances with empirical coefficients accounting for turbulent kinetic energy near the bed. However, the assumption of angle symmetry surrounding the location of maximum scour was determined invalid for rock-weir scour. Most approaches found in the literature that approximate maximum equilibrium scour depth were developed for the case of 2D flow, incorporating parameters not applicable to 3D grade-control. Parameters include cross-section definitions of critical energy, structure width, fall height, bed geometry, and jet geometry. The objectives of this study are to (1) develop a dimensional-analysisbased predictive methodology, accounting for structure geometry, that will predict the maximum scour-depth pertaining to 3D weir shapes; (2) conduct a flume study using A-, U-, and W-shaped weir shapes to measure the maximum scour-depth downstream of these structures from a range of flow conditions; and (3) calibrate predictive methodologies to laboratory data using regression analysis.
Laboratory Experiments
A hydraulic testing program was conducted by Scurlock (2009) (Fig. 3) .
The flume comprises an intake manifold, flow baffle, head box/ transition section, test section incorporating the weir structures, outlet section with tailwater control, and tail box. Granular bed material was placed throughout the flume extending from the entrance of the test section to the tailwater control. The data collected during each test included discharge, water surface elevation, flow depth, flow velocity, and scour depth. A movable cart spanned the width of the flume, which facilitated data collection. A measuring tape of ±0.003-m accuracy was placed along the cart and flume walls for positioning. A 75-horsepower (hp) centrifugal pump and a 40-hp centrifugal pump were used to deliver flows from the laboratory sump to the flume head box. Flows from the 75-hp pump were regulated with an orifice plate, with an associated accuracy of approximately AE2:5% of the total measured flow rate; flows from the 40-hp pump were measured with an Endress + Hauser PROline Promag 53 electromagnetic flow meter, with an approximate accuracy of AE0:5%.
Modeled A-, U-, and W-shaped weir structures were designed using Bureau of Reclamation (2007) criteria and constructed at the largest size possible given flume constraints. Bed-material sizing was 15, 9.8, and 5 mm. Sediment gradations were obtained from sieve analysis of the materials. A specific gravity value of 2.65 was used for all materials. Small cobbles were representative of the Pacific Northwest region, and coarse gravel was selected as representative material of Rio Grande headwater streams. If the model weirs were scaled to identified prototype locations, a Froude scale of 1∶5:75 applies for the Pacific Northwest region and 1∶4:36 for the upper Rio Grande; however, modeled weirs are not restricted in scaling to other prototype scenarios.
Independent variables tested for each weir shape included discharge, weir arm length, weir plan and weir profile angles, weir drop height, weir rock size, bed-material size and gradation, and bed slope. All weir configurations were designed to be evaluated at an increasing sequence of one-third bank-full, two-thirds bankfull, and bank-full discharges. The upstream apex of each weir was constructed near station 5.5. Weirs were constructed with an anchor wall, foundation footer rock, and header or sill rock (Fig. 4 ). Anchor walls comprise concrete blocks extending from the flume floor to the foundation rock footer. The rock footer was grouted to the anchor wall immediately atop the blocks. To provide additional energy dissipation, the header rock was grouted to the top of the rock footer, but offset approximately one-third of the rock diameter upstream (Reclamation 2007). Weirs were grouted for structural stability and prevention of interstitial flow through the crest.
After construction of a specified configuration (Cfg), testing procedures were initiated. The bed was surveyed with a pointgauge of AE0:0003-m accuracy and/or a Leica Scan Station light detection and ranging system. Flow was then initiated, and the model was allowed to run at the specified discharge. The channel bed was not reset between increases in discharge. Time requirements for the testing of equilibrium scour conditions, as reported from the literature, vary from 1 h to multiple days. For the current research, baseline testing was conducted on a W-shaped weir to determine an appropriate duration for equilibrium conditions to develop by monitoring sediment transport over time. Twelve hours was determined as a reasonable duration to establish equilibrium geometry. Stop logs were placed at the downstream end of the flume to adjust the tailwater to normal depth within the flume.
Once the scour hole attained a state of equilibrium, a side-facing 25-Hz acoustic Doppler velocimeter (ADV) was used to collect 3D velocity data at 20, 60, and 80% of the flow depth within the flume. The accuracy of the device was AE1% of the total magnitude of the measured velocity. Velocity and temperature measurements were taken at 30-s sampling periods at positions shown in Fig. 5 . Temperatures were recorded from the ADV to an accuracy of ±0.01°F. Data were analyzed and despiked using WinADV software and the 60% depth values used for analysis fell within the acceptable range for high-quality data when the signal-to-noise ratio and correlation values were examined, as defined by Bhuiyan et al. (2007) .
After the collection of velocity data, the flume was drained, and topographic data were collected. It was assumed that draining the flume for the collection of topographic data would have minimal effects on settling of bed materials or reshaping of the scour geometry. This assumption was validated as surveyed scour-hole geometries exhibited slopes substantially less than the angle of repose for the bed material defined by Simons (1957) , such that sloughing and scour-hole refill were considered minimal at the termination of discharge. Topographic surfaces were interpolated and compared with baseline conditions to ascertain scour areas and depths throughout the flume. Displaced bed-material volume was determined as the amount of material moved from within a delineated scour-hole boundary, thereby neglecting general sedimentation patterns within the flume. Maximum scour depths were determined from pointgauge measurements for consistency.
Scour-Depth Dimensional Analysis

Dimensional-Analysis Predictive Methodology Development
The compiled dataset for the A-, U-, and W-shaped weirs is shown in Table 1 and includes equilibrium scour depth and displaced volume of bed material at equilibrium. The areas of scour were mapped after each test (Fig. 6) . A-and U-shaped weir scour geometries were observed to be relatively homogeneous across tests with a longitudinally symmetric scour hole forming along the channel centerline. W-shaped weirs produced variable scour patterns across tests that were not found to be longitudinally symmetrical. All weir shapes produced increased areas of sediment transport at the intersection of weir arms. Scour depth at equilibrium conditions within Table 2 shows cumulative square error for each weir shape, mean percent error, and square correlation coefficient for various methodologies ranked by cumulative square error.
Considering the limitations of applicability of 2D scour equations from the literature to rock weirs, examination of approaches to alter existing, verified equation formats to represent rock-weir structures, jet characteristics, and scour geometries was undertaken. After multiple approaches were considered, it was found that findings reported by D'Agostino and Ferro (2004) best represented parameters manipulated during the test matrix, incorporated parameters readily available from field data, and predicted equilibrium scour depth well when certain modifications were introduced. Modifications to Eq. (4) included expressing the effective weir length and weir height as functions of the channel width B, plan angle θ, outer arm plan angle ζ, and inner arm angle for the W-shaped weir η. Fig. 7 shows profile and plan view angles for each weir and descriptions of weir geometry related to bank-full width. An average of the weir height extending across the channel width emulated the flow contacting the weir at a single location, rather than along the length of the channel. Effective weir length was defined as the total length taken along the weir crest. The upstream weir segment of A-shaped weir geometries was neglected, and the effective length and height were calculated from the downstream crest and arms only. The upstream portion of the structure was excluded from determination of the effective length because the main scouring forces, attributed to jet impingement and vortex formation, were generated downstream of the excluded crest.
Further alteration of Eq. (4) was found to be beneficial in the prediction of equilibrium scour depth for 3D weirs. The densimetric particle Froude number, Fr Ã ¼ Q=fbz½gðΔ À 1Þd 50 1=2 g, was modified to include the d 90 grain diameter instead of d 50 . Schoklitsch (1932 ), Jaeger (1939 ), and Eggenberger (1943 use d 90 instead of d 50 because of the presence of larger material within the scour hole that forms an armor layer in the equilibrium state. Because normal depth was chosen as the tailwater depth for each configuration and discharge, Eq. (4) was modified to incorporate channel slope and material roughness through the Manning equation and Strickler's relationship. The piezometric head difference was calculated as the change in the average water surface, approximately 0.5 channel widths upstream of the weir crest to the average water surface 1.5 widths downstream of the crest. Substituting these changes into Eq. (4) yields
in which a 1 -a 6 = regression coefficients; b i = effective weir length; and z i = mean weir height above bed.
Dimensional-Analysis Methodology Results
Multivariate, backward linear regression was performed on the natural logarithms of the terms in Eq. (6), generating a 1 -a 6 regression coefficients for the A-, U-, and W-shaped weirs. Terms not significant at a 0.05 level were eliminated. For the U-shaped weir analysis, the parameter d 90 =d 50 was determined to be significant with a large, positive exponent of 9.633. Intuition of the hydraulics governing sediment transport leads to the conclusion that this exponent should be negative, such that an increase in d 90 with a fixed d 50 would limit scour potential, coinciding with results from D' Agostino and Ferro (2004) , Schoklitsch (1932 ), Jaegar (1939 , and others. This fact, coupled with a small range of d 90 =d 50 values evaluated in the laboratory, led to the removal of the term from the U-shaped weir regression analysis.
Results for determining maximum equilibrium scour depth downstream of A-, U-, and W-shaped weirs are respectively given as 
Eqs. (7)- (9) have square correlation coefficients of 0.978, 0.965, and 0.913, respectively, between observed and predicted scourdepth. Mean square error between observed and predicted values was less than 0.006 m for all equations. Cumulative square error for all weir shapes was 0:040 m 2 , cumulative absolute error was 0.74 m, and mean square error was 0:001 m 2 . Table 1 shows predicted maximum equilibrium scour depth, and Fig. 8 shows predicted to observed depths. Comparative results for all tests between the original D' Agostino and Ferro (2004) method and the series of proposed dimensionless equations are shown in Fig. 9 . As shown in Fig. 9 , D'Agostino and Ferro (2004) uniformly overpredicted maximum equilibrium scour depth for the tested structures. Fig. 10 shows the results of Eqs. (7)- (9) as compared with the most accurate approach from Schoklitsch (1932) using cumulative square error as the measure. Mean error between observed and predicted maximum scour depths for proposed methodologies was 10.45%. Schoklitsch (1932) generated a mean error of 37.12%, and D'Agostino and Ferro (2004) produced a mean error of 183.05%.
Discussion
Eqs. (7)- (9) predict laboratory data to a greater degree of accuracy than other approaches; however, the small amount of data available for equation development and associated parameter value ranges place limitations on applicability. Developed equations are sensitive to ranges of parameter values used for regression analyses. If values fall outside of ranges tested, relationships produce extrapolation error and are not reliable design tools. Table 3 shows boundaries of applicability for the dimensionless terms presented in Eq. (6). The dimensionless terms of Eq. (6) are structured to mitigate scaling errors; however, dimensionless scaling theory has not been validated for rock-weir equilibrium scour. Additional field or laboratory information supplementing the existing database would expand the applicability of proposed methodologies. A dimensionless term y t =H of Eq. (6) was not found to be statistically significant for any weir shape. Large cross correlation was pervasive between y t =H and the densimetric particle Froude number for all weir shapes, whereby the latter was more statistically significant in all cases. Further testing incorporating parameter values designed to disrupt cross correlations would affect statistical significance within Eq. (6) and potentially alter the format of specific weir equations generated through regression analysis.
Observations of scour geometries led to a series of generalized recommendations for field practitioners. Scour was observed to form at more abrupt changes within the structure, such as the W-shaped weir apexes or at the joining of the A-shaped weir cross bar to the main weir arms. To avoid undermining of the weir, bed armoring or other protective measures may be taken. Structural design of weirs without these abrupt changes, such as a parabolic weir shape, may also mitigate increased scour near the structure. Although maximum scour for the A-shaped weir occurred downstream of the structure cross bar, significant scour formed within the upstream area. Armoring this section with larger grain diameters or riprap may be appropriate to minimize the chance of this scour resulting in unexpected structural failure.
The channel bed was not reset for a configuration between the tested discharges, such that the initial phase of scouring was affected by previous testing, and subsequent tests were serially correlated. The level of this correlation or its influence on equilibrium scour geometry was not determined. Investigation of the effects of initial flat bed versus existing scour geometry conditions is a potential area of focus for future laboratory experiments.
Conclusions
Three-dimensional weirs are gaining popularity as fish habitat improvement, stream rehabilitation, bank stabilization, and gradecontrol structures. Design criteria for these structures are necessary to prevent failure as a result of downstream scour undermining the structure foundation. A test matrix consisting of A-, U-, and W-shaped weirs with varying discharge, drop height, bed-material size and gradation, slope, arm length, and plan and profile weir angles was designed, tested, and analyzed. Equilibrium scour geometry and maximum scour depth were evaluated for each test. Dimensionless relationships were developed for the maximum equilibrium scour depth, and results were compared with the most accurate method identified in the literature.
Three relationships were developed from the test program database [Eqs. (7)- (9)] to predict maximum scour depth for A-, U-, and W-shaped weirs, respectively. Relationships were determined to be the best predictive approach on the basis of laboratory data and to provide a tool for the prediction of equilibrium scour geometry downstream of rock weirs. Developed equations were compared with the most accurate procedure of Schoklitsch (1932) in prediction of laboratory data and reduced the mean error between observed and predicted values for all tests from 37.12 to 10.45%.
